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An algorithm is presented for identifying the projection of a scheduling model’s fea-
sible region onto the space of production targets. The projected feasible region is
expressed using one of two mixed-integer programming formulations, which can be
readily used to address integrated production planning and scheduling problems that
were previously intractable. Production planning is solved in combination with a sur-
rogate model representing the region of feasible production amounts to provide opti-
mum production targets, while a detailed scheduling is solved in a rolling-horizon
manner to define feasible schedules for meeting these targets. The proposed framework
provides solutions of higher quality and yields tighter bounds than previously proposed
approaches. © 2009 American Institute of Chemical Engineers AIChE J, 55: 2614-2630, 2009
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Introduction

Recent trends in the chemical industry toward product
customization and diversification have led to multiproduct
facilities that are often complex process networks (batch
mixing/splitting, recycle streams) with multiple shared
resources. At the same time, facilities must remain able to
respond to demand fluctuations while existing assets should
be utilized close to their capacity. Production planning of
heavily loaded units subject to complex operational con-
straints and demand fluctuations is a challenging task in
which production targets often need to be set close to system
limits.

To solve such problems effectively, it should be deter-
mined what production targets are feasible. This is tradition-
ally accomplished using production planning methods that
incorporate scheduling.l’2 Using basic process information,
scheduling models are able to explicitly model complex
interactions involved in ‘“how” production occurs. This
allows them to accurately but implicitly answer “whether”
specific production amounts can be produced (i.e., are feasi-
ble). The natural goal, then, is to extract feasibility informa-
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tion from scheduling models in such a way that (a) main-
tains the accuracy of detailed scheduling, yet (b) encourages
a compact formulation that adds minimal computational bur-
den to the production planning model.?

Sung and Maravelias* proposed conveying feasibility and
cost information using a surrogate model to provide a con-
vex approximation of the scheduling feasible region and an
underestimation of production cost. That work is extended
here to models capable of capturing and representing non-
convex regions. This article is organized as follows: The
production planning problem statement is posed, followed by
a motivating example and review of previously proposed
methods in which the production planning problem incorpo-
rates scheduling models. Two new mixed-integer program-
ming (MIP) formulations are then introduced for represent-
ing nonconvex regions as either the difference or union of
polytopes/polyhedra. Next, we present the proposed algo-
rithm for the identification of the projection of the schedul-
ing feasible region onto the production planning variables. A
rolling horizon scheme follows as part of a framework in
which the surrogate model may be used to hierarchically
decompose integrated production planning and scheduling
problems. We conclude with an example problem in which
integration of production planning with surrogate models
generated by our algorithm is shown to be both accurate and
computationally efficient.
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Background
Production planning problem statement

The goal in production planning is to meet customer
demand at minimum total cost (production + holding +
unmet/backlog) over a medium-term horizon. Given are:

e A fixed planning horizon divided into planning periods ¢
e {1, 2, ..., T} of uniform duration.

® A set of products k € K.

® Demand d,, for product k at the end of time period ¢.

e Holding cost /; and penalty u; for unmet demand for
product k.

® Process capacities.

® Production costs.

Decision variables include the following:

® Production amount P, of product k in period .

e Inventory level /;, of product k at the end of period ¢.

e Unmet demand Uy, for product k in period .

A general formulation for production planning is given by
Egs. 1-5. Resource constraints, which determine whether
specific production amounts are feasible, are modeled by
generic function f(P;,) in Eq. 2, while total production cost
Cp, is modeled by generic function g(P;,) in Eq. 3. Inven-
tory balance for product k at the end of period ¢ is main-
tained in Eq. 4.

min o ZCp[ + Z (hidis + uxUpy) @))
E) N t

CpidicsPrs keK.t
f(Pr) <0 Wt 2)
Cp; = g(Py,) Vit 3)
Iy = Iiy—1 + Py — diy + Uy Ykt 4
Ly, Pryy Uy 20 Vk,t )

To solve production planning problems optimally, it is
necessary to account accurately for resource constraints and
production costs, which can be achieved via the integration
of scheduling formulations in Eqgs. 2 and 3. Our goal is to
develop computationally tractable and accurate approxima-
tions of functions f(P,,) and g(P,,) that can replace compu-
tationally expensive scheduling models.

Motivating example

Suppose we would like Eq. 2 to model the process net-
work shown in Figure la. Raw materials are converted by
two parallel units into products A and B. The two units can
operate at up to 1 kg/h (“slower” unit) and 3 kg/h (“faster”
unit), respectively. For both units, 1 h of setup is required to
produce A and 1 h of setup is required to produce B. Over a
period of 7 h, the slower unit can produce up to 6 kg of
product A only, 6 kg of product B only, or 5 kg of both
products. Figure 1b visualizes this as the slower unit’s ‘“‘fea-
sible region,” a representation of achievable production
amount combinations of A (variable P4) and B (variable Pg).
Figures lc,d show the feasible region for the faster unit only
and for both units, respectively. To emphasize, even basic
combinations of simple processes are enough to bring about
feasible regions of nonobvious shape, which can be accu-
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Figure 1. (a) Process network of the motivating exam-
ple. Feasible region using: (b) the slower unit
only; (c) the faster unit only; (d) both units. (e)
Tightest possible convex over-approximation
(dark lines) of the feasible region using both units.

rately represented using complex MIP scheduling models
which use additional “nonplanning” variables. Thus, Figure
1d can also be described as the ‘“feasible region of the
scheduling model projected onto the space of production
amounts.” Starting from a convex over-approximation that
contains every true feasible point (Figure le), our goal is to
identify the infeasible points that lie along the top-right
boundary of Figure le and express them in a compact form.

Integration of production planning and scheduling

Scheduling models can be classified as: (i) network-based
formulations for general processes or (ii) sequence-based for-
mulations for multi- and single-stage processes. Network-
based formulations can be further classified into discrete-
time formulations® where the time horizon is divided a pri-
ori, possibly into equal periods; continuous-time formula-
tions®' where the time horizon is partitioned as part of the
optimization; and mixed-time formulations'! where the time
grid is fixed but the durations of the tasks are variable.
Sequence-based formulations can be further classified into
slot-based,'” unit-specific grid,'® global-precedence,'* and
immediate-precedence'>'®  formulations for  standalone
scheduling, and simultaneous batching-scheduling
approaches.'”'® In theory, using detailed scheduling models
allows optimal production targets to be identified. However,
this results in very large models that are impractical to solve
to optimality.

The most popular alternative approach is to replace a
detailed scheduling model with a simplified model that is
obtained through removing subsets of constraints (relaxation)
or through combining variables (aggregation). A common
relaxation scheme is to keep job assignment constraints and
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variables but to discard sequencing constraints and varia-
bles.'”! Wilkinson et al.*”> aggregated time periods in a
scheduling model, and Vancza et al.>® aggregated project
activities. Birewar and Grossmann>* proposed using an ag-
gregate traveling salesman problem for sequencing batches
within a multiperiod planning model to estimate time
requirements for production planning of parallel units in a
flowshop plant. Wellons and Reklaitis*> proposed identifying
cyclic campaigns with dominant production rates.

Another approach is to replace a detailed scheduling
model with a surrogate model which is created through
online or offline**?’ analysis. Sung and Maravelias® pro-
posed using the convex hull of a scheduling model’s feasible
region projected onto production amount. To determine this
region which they called the production attainable region*®*°
(PAR), they presented an offline algorithm based on the
direct investigation of the scheduling model’s feasible
region. A convex over-approximation and a convex under-
approximation, both polytopes, were set up and iteratively
converged. If the two approximations did not exactly con-
verge, then the over-approximation is declared the convex
approximation of projection (CAP). The over-approximation
can be used to solve the production planning problem, while
the under-approximation can serve as a repository of known-
to-be-feasible solutions. In this article, we extend that work
to nonconvex regions.

Methods for integrating production planning with schedul-
ing can also be classified by their solution strategy into: (a)
hierarchical methods, (b) iterative methods, and (c) full
space methods. The first two types of methods decompose
the integrated problem into a higher-level problem and a
lower-level subproblem that are solved separately, while the
third type attempts to solve the integrated problem as a sin-
gle model.

In hierarchical methods, the higher-level model is solved
to make key decisions such as setting of production targets,
selection of tasks, and assignment of tasks to processing
units.”® The lower-level model is then solved based off of
these decisions. Usually, the higher-level model is provided
a substitute for the lower-level model.”® Hierarchical meth-
ods are straightforward and tractable relative to full space
methods. However, the quality of a hierarchical solution is
contingent on the accuracy of the substitute used.

In iterative methods, the higher-level model is provided
informational feedback in addition to any substitute that
might have been used by hierarchical methods. Iterative
methods are set up such that each solution of the lower-level
model improves the quality of the substitute model, for
example by adding a linear inequality,’® an integer cut,®'-'
or a generated column.””> A common scheme is to ensure
that the substitute is an over-approximation that is tightened
in every iteration; this allows solutions of the higher-level
model to act as a monotonically improving bound.

In full space methods, the integrated production planning
and scheduling problem is treated as a single model to be
solved using standard mathematical programming meth-
0ds,33’34 heuristic methods such as simulated annealing35 or
genetic algorithms,”® or decomposition methods that exploit
the structure of the model. Examples of full space decompo-
sition approaches include decomposition by production plan-
ning item, resource, or time period. Finally, rolling-horizon
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methods have also been proposed as a means to address
. 3
larger instances.?’*%-°

Basic Concepts

Before presenting our algorithm, we briefly overview
some concepts involving polytopes/polyhedra and difference/
union thereof. We will be using combinations of polytopes/
polyhedra to represent nonconvex regions, which will be
ultimately expressed as a surrogate model using one of two
MILP formulations presented in this section.

Polyhedra, polytopes, and facets

The solution of a linear inequality is a half space. The so-
lution of a set of linear inequalities, i.e., the intersection of a
set of half spaces, is a polyhedron. A bounded polyhedron
may be called a polytope. A polytope can be defined using
H-representation by a set of linear inequalities / € L. Each
linear inequality / may be expressed in the form
S ek OiPr < @' Where practical, o' = [0, ), ...]" is nor-
malized to length one. A point P = [Py, Pp,...] is within the
polytope if and only if it satisfies every constraint / € L.

H-representation:

Y wp <@ Vel
kek

A polytope can also be defined using V-representation by a
set of vertices v € V with coordinates P;. A point is within the
polytope if and only if it can be expressed as an affine
combination of its vertices with weights between 0 and 1.

V-representation:

Py=Y PiA" Vkek
veV

OV
veV
0<A <1 WweV

A number of software packages3 249 can convert between H- and
V-representation. In addition, a polytope in #n dimensions may be
defined by its » — 1 dimensional “sides” called facets defined by
exactly n points. Given the n points defining a facet we can
determine the corresponding inequality (see Appendix A).

Difference and union of polytopes

Using only continuous variables, linear inequalities may
be combined to formulate their intersection, which will be a
convex polyhedron. Once binary variables are introduced,
other set theoretic functions may be formulated such as
union and difference, which can be nonconvex. Recall that
the CAP is a polytope, so every feasible point must satisfy
every CAP constraint [ € L“*F,

CAP:

> wpP <@ Ve LY
kek

The first formulation approximates the projection of the
feasible region as a difference, of the CAP and the union of
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known-to-be-infeasible polyhedrons ip € IP. Hence, point P
is formulated as feasible if it is in the CAP (satisfies every
constraint / € L“*P) but not in any infeasible polyhedron ip
€ [P (violates at least one constraint / in every set L"), Bi-
nary variable 7' is introduced such that if it is active (=1),
then violation will occur: Y, @\ Py > @'. Point P is pre-
vented from being in infeasible polyhedron ip by requiring
at least one binary variable Z' in [ € L” to be active.
NCPI:

> o <@ Ve LY

kekK

> o=@ -M(1-2) VipelP, l€L?
kek

Y Z'=1 Vipelp

leL?

7' {0,1} VipelP, leL?

The second formulation re-expresses the nonconvex pro-
jection as the union of feasible polytopes fp € FP. Each fea-
sible polytope fp is expressed in V-representation in terms of
vertices v € V whose coordinates are P). Point P is in feasi-
ble polytope fp if binary variable 7" is active (=1) and P
can be expressed as a convex combination of fp’s vertices.

NCP2:

Pe=Y > P Vkek

fpEFP vevip

S w=7" NfpecFp
vevi
fpEFP

0< <1 Vfp, eFP,veVP

7P € {0,1} YfpeFP

Although both models are meant to formulate the same
region, both are developed because one may be superior to
the other based on context, application, or shape of the feasi-
ble region.

Merging routine

Suppose a feasible region is modeled as the union of fea-
sible polytopes in H-representation. Geyer41 describes this in
terms of Boolean logic: Point P is feasible if it is in one of
several feasible polytopes fp € FP (OR); it is in a specific
polytope fp if it satisfies every one of that polytope’s con-
straints [ € L7 (AND). Hence, strategies associated with
Boolean logic-minimization may be adapted to minimizing
the number of feasible polytopes necessary to express a non-
convex feasible region. All constraints (logic conditions)
used to define input polytopes are pooled together; they are
then either redistributed among output polytopes or else dis-
carded. In other words, constraints (logic conditions) are
rearranged or discarded, but not created. Output polytopes
are allowed to overlap each other. This is implemented in
the Multi-Parametric Toolbox*® that we will refer to as “the
merging routine.” Note that this subsection has been pre-
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sented in terms of merging feasible polytopes; however, we
will be using it for merging infeasible polytopes as well.

Related to this work is also the work of Goyal and Ierape-
tritou** who proposed an algorithm for approximating the
nonconvex feasible region of NLP models, as well as meth-
ods for the identification and approximation of a function’s
nonconvex surface (“implicit surface,” ““iso-surface”). Ning
and Bloomenthal*? evaluated surface tiling methods, specifi-
cally sampling of a regular lattice followed by cubical cell
polygonization. Van Overveld and Wyvill44 proposed the
“Shrinkwrap” algorithm, which generates and tightens a tri-
angular mesh. Finally, disjunctive programming methods*>**°
can also be used to represent nonconvex regions.

Proposed Algorithm

A five-phase algorithm is presented for the identification
of the projection of the feasible region F°™ of a scheduling
model onto the space of production amounts and the expres-
sion of this projection in the form of model (NCP1) or
model (NCP2). The proposed algorithm is independent of
how the scheduling model is formulated. The algorithm is
presented here for n = IKl = 2; however, it may be general-
ized to higher dimensions. To overview: Given the facets of
the CAP, Phase I identifies a series of infeasible triangles
that surround but do not overlap the CAP. Phase II splits
and expands individual infeasible triangles so that as a group
they encroach onto the CAP. Phase III merges all infeasible
triangles into fewer infeasible polytopes. Phase IV converts
these into infeasible polyhedrons usable by model (NCP1),
and Phase V in turn converts these into feasible polytopes
usable by model (NCP2).

Phase 1

Phase I uses the algorithm presented in Sung and Marave-
lias* to provide the CAP, an over-approximation of the feasi-
ble region, which is also used as a first approximation of the
feasible region’s boundary. Each facet of the CAP is defined
by n vertices (points). Furthermore, each facet is assigned an
“external point” outside the CAP such that together they
form an “infeasible triangle” defined by n + 1 points. This
is shown in Figure 2 for a generic facet whose n = 2 points
are labeled A and B. The external point is labeled X, and the
resulting infeasible triangle is denoted by AB-X. The interior
of AB-X is meant to be infeasible, as is point X, segment
AX, and segment BX. The feasibility of segment AB is

CAP Facet 1\/%//7/[nfeasible

\
/
A7 \B

CAP Facet 4 CAP CAP Facet 2

H_J

CAP Facet 3
Figure 2. A CAP is shown with four facets.

CAP Facet 1 is used to create infeasible triangle AB-X.
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Figure 3. Some ways to split/expand an infeasible

triangle.

ambiguous pending future investigation by the algorithm.
CAP facets are used to seed a list of infeasible triangles to
be investigated. Phase I ends with a series of infeasible trian-
gles that surround but do not overlap the CAP.

Phase 11

The purpose of Phase II is to “expand” the area covered
by all infeasible triangles. This is accomplished by itera-
tively choosing a single infeasible triangle (generically
referred to as “AB-X"") and investigating its facet side (seg-
ment AB). Figure 3 shows some ways in which AB-X can be
modified, depending on what is revealed by investigation of
the feasible region. Phase II can be broken down into the
steps shown in Figure 4.

(1-2) We begin each iteration by choosing the largest-
sized facet on the list. The algorithm terminates if: an itera-
tion limit (not shown in Figure 4) has been reached; the list
is empty; or the largest facet size on the list is less than tol-
erance 0.

(3) Model (T1) is solved to search for a feasible point C
between A and B, where C is required to be in the feasible
region of the scheduling model (P{,P§) € FSM.

Model (T1):

Pgnﬁxgob]

P{ = PN + PP
A48 =

5, <obj<JiA<1
9, <obj < F <1
(PS,PS) € FSM

Vk e K
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If model (T1) is feasible, then a feasible point has been
found and it can be labeled C. The preferred choice is the
midpoint between A and B, where obj = 1/n = [1/2] (see
Figure 3a). If this is not feasible, then the next closest
feasible point is selected (see Figure 3b). If a feasible point
is found with obj > d, > 0, then AB-X is replaced with AC-
X and BC-X and the algorithm returns to Step 1. A positive
tolerance is needed to avoid selection of A (obj = 0) or B
(obj = 0).

If, however, no feasible point can be found with obj > 5,
then the facet is declared empty. The midpoint between A
and B is labeled C, despite being infeasible, and model (T2)
is solved to identify the nearest feasible point D on a per-
pendicular line originating from C (defined by vector o),
Model (T2):

min obj

P

P’,? = PC + a)fB Xobj
obj >0

(P?,PY) € FM

Vk € K

Solving model (T2) leads to one of the following cases: model
(T2) is feasible and obj is less than positive tolerance ds;
model (T2) is feasible and obj > d3; model (T2) is infeasible.
For the first case, 0 < obj < 5 indicates that feasible point D
is very close to infeasible point C, thus AB-X is replaced with
AC-X and BC-X (see Figure 3c), and the algorithm returns to Step
1. For the other two cases, the algorithm continues to Step 4.

(4) For the second case, where model (T2) is feasible and
obj > §3, feasible point D will be used in a later step to
expand AB-X (see Figure 3d). For the third case, where
model (T2) is infeasible, no feasible point can be found on
the perpendicular line originating from C. Consequently,
model (T3) is solved to locate whatever point is on the far
side of the CAP (see Figure 3e). That point, even though it
is infeasible, is labeled point D.

-
Generate CAP.

Use CAP facets to
create list of infeasible
triangles

Phase 1
A

1. List of

infeasible triangles AB-X; S
Empty? T
7a. [T5] Check 7b. [T5] Check
whether BD-C is whether BD-X is
2. Pick AB-X empty. empty.
with largest facet size.
|AB|<5,?
2
3: 6a. [T5] Check 6b. [T5] Check
whether AD-C is whether AD-X
empty. is empty.

T |

Sa. Keep AB-X. 5b. Replace AB-
Add AD-C and X with AD-X
BD-C. and BD-X.

f

Figure 4. Phase | and Phase Il flowsheet.
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Model (T3):

max obj
D

Py

P =P{ + ®¥obj VkeK
obj >0

> o <@ e L
kek

Two new infeasible triangles are created: AD-C and BD-C. To
slow growth in total number of infeasible triangles, it may be
desirable to merge these two new triangles with AB-X to
produce AD-X and BD-X. First, however, model (T4) should be
solved to indirectly check whether the union of “AB-X, AD-C,
and BD-C” is the same as the union of “AD-X and BD-X".
Model (T4) is a system of equations that can be solved to
express D in terms of P4, P2, and P*. Note that 2* will be
negative due to D and X being on opposite sides of segment AB.
Model (T4):

PP =Pt + PP+ PIOX Vkek
A B4 X =1

If 24 is negative (D is “outside” of BX) or B is negative (D is
“outside” of AX, as in Figure 3f), then the algorithm proceeds
to Step Sa. If 2* and 2% are both positive (e.g., Figures 3d.e),
then the algorithm proceeds to Step 5b.

(5a) AB-X is kept, however it is removed from the list of
infeasible triangles to be investigated. Infeasible triangles
AD-C and BD-C are added, and the algorithm proceeds to
Step 6a.

(5b) AB-X is deleted. Infeasible triangles AD-X and BD-X
are added, and the algorithm proceeds to Step 6b.

(6a) Model (T5) is solved to check for any feasible point
E that may be in AD-C.

Model (T5):

max ¢
E 1A 1D
Py

PE=pPA + PPIP + POIC Vkek
JA 4P 46 =1
o< M P <1

(PY,P3) € F*

Model (T5), by maximizing weight A, implicitly maximizes
the distance of feasible point E from segment AD.
This distance can be calculated a posteriori as viol = ®*P-
*PCE. If viol is greater than 3, then AD-C is replaced with
AE-C and DE-C (see Figure 3g), otherwise E is ignored. The
algorithm proceeds to Step 7a.

(6b) Model (T5) is solved to check for any feasible point
E that may be in AD-X. Even though model (T5) is written
for AD-C instead of AD-X, we already know that the triangu-
lar region formed by A, C, and X is infeasible due to the in-
terior and sides of AB-X being infeasible. If viol is greater
than 3, then AD-X is replaced with AE-X and DE-X (see
Figure 3h), otherwise E is ignored. The algorithm proceeds
to Step 7b.
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(7a) A variation of Step 6a is solved to check for any fea-
sible point that may be in BD-C.

(7b) A variation of Step 6a is solved to check for any fea-
sible point that may be in BD-X.

As presented, the algorithm assumes that infeasible trian-
gles created by Steps 67 do not contain any feasible points.
This may be verified by repeating Steps 6a for each newly
created infeasible triangle. To recap, all parts of the CAP are
initially assumed feasible. Infeasible triangles are introduced
so that regions with the CAP may be identified, via overlap,
as infeasible. The purpose of Phase II, then, is to “expand”
the original set of infeasible triangles such that overlap of
the CAP progressively increases. The nonoverlapped portion
converges toward the feasible region that we are trying to
identify, approximate, and formulate a surrogate model for.

Phase II1

Phase III uses one round of preprocessing followed by
two rounds of merging to combine infeasible triangles into
fewer infeasible polytopes. As the purpose of infeasible tri-
angles/polytopes is to indicate infeasible regions within the
CAP, infeasible triangles that do not overlap the CAP may
be deleted without consequence after Phase II. Model (T6) is
solved for each infeasible triangle to check for overlap,
where the first constraint corresponds to the inequality defin-
ing facet AB.

Model (T6, infeasible triangle):

max obj
Py
> PP < @ F — obj
kek
> P <@ —obj VIieL™?
kek

If obj < d4 (64 > 0) then there is no appreciable overlap.
For the first round of merging, remaining infeasible triangles
are grouped by external point and merged into polytopes.
For the second round of merging, output polytopes from the
first round are collected and merged again, this time as a sin-
gle group. The first round of merging is organized by exter-
nal point based on the premise that infeasible triangles that
share an external point are more likely to be able to be
merged.

Phase IV

Although infeasible polytopes as output by Phase III could
be directly used by model (NCP1), some polytopes and con-
straints may not be useful. Phase IV attempts to delete them.
It consists of five steps.

(1) Model (T7) is solved for each infeasible polytope ip’
to check for overlap with the CAP.

Model (T7, ip'):

max obj
Py

> P <@ —obj V€L
kek

> P <@ —obj VIieL™?
kek
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Infeasible
Polyhedron

Infeasible Infeasible

Polytope Polyhedron

Step 3

Feasible
Region

Figure 5. Removing constraints (dark lines) may expand
that constraint’s polytope/polyhedron.

If obj < tolerance 05, then there is no appreciable overlap so
ip’ can be deleted.

(2) Certain constraints may have been useful up until now
in they helped define closed infeasible regions. However,
they are useless from here forward if they do not help indi-
cate overlap with the CAP. The purpose of Step 2 is to
delete such constraints. As the removal of constraints from
an infeasible polytope may increase that polytope’s overlap
with the CAP, we solve model (T8) for each constraint /' €
L to check whether removing /' increases overlap.

Model (T8, ip/, I' € L"):

max obj
Py

> wpP <@ =65 Ve LP\{I'}

kek

> P> @ +obj VI=1
kek

> P <@ vie LY
kek

The first two constraints establish the marginal area added by
removing /’; the third constraint enforces overlap with CAP. If
obj > 5, then dropping constraint / would enlarge polyhedron
ip’s overlap with CAP; therefore /' should be kept. If obj < Js,
then /' should be removed because it is redundant. In Figure 5,
two of an infeasible polytope’s five constraints are removed by
Step 2, leaving it unbounded.

(3) Constraints not removed by Step 2 will, if deleted,
increase overlap with the CAP. The purpose of Step 3 is to
delete such constraints anyways if the additional overlap
does not contain any feasible point. Each constraint /' is
checked using model (T9).

Model (T9, ip/, I' € L)

max obj
Py

> P <@ —os Ve LV\{I}
kek

> P> @ +obj VI=1

kek

(Py,P;) € FM

If obj > tolerance Js, then additional overlap does include
feasible points, so I’ should be kept. If obj < ds, then I’ should
be removed. In Figure 5, one of the polyhedron’s three
remaining constraints is removed by Step 3.
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@) If o'= —»" and ®'= —@", then constraints /' and /"
are both added to set L™". If model (T10), which defines
segment o'"P = @ is infeasible, then it may be desirable
to inflate /' by small amount J¢ such that overlap of /" and /”
is modeled as infeasible (see remarks for a more in-depth
discussion).

Model (T10, /' e L™"):

> o <@ =65 VIeL?\!

kek

Z W Py =@

kek

> o <@ Ve LY
kek

(5) Model (T11) is solved for each constraint /' to find an
appropriate value to use for M' in model (NCP1). Parameter
M' is used to relax constraint / when Z' = 0. The optimal
objective of model (T11) provides the smallest allowable
value of M’ such that every point in the CAP will satisfy
constraint // when Z' = 0.

Model (T11, 1'):

max obj
Py

> [Py =" — obj
kek

(Py,P;) € FCA?

Models (T6) and (T7) are similar in that they are used to
check for overlap, before and after merging, respectively.
Preprocessing via model (T6) is optional; however, it lessens
the burden on the Phase III merging. Step 3 of Phase VI can
locate corner points that converged toward but not actually
found by Phase II. Models (T8) and (T9) are similar in that
they are used to check for whether a constraint can be
removed (is redundant with CAP) or should be removed
(hides a corner), respectively.

Phase V

Model (NCP1) expresses the nonconvex region as a feasible
polytope with infeasible polyhedrons removed. Phase V con-
verts this representation into the union of multiple feasible
polytopes. For model (NCP1), a point P is feasible if it satis-
fies every CAP constraint, / € LCAP, and violates at least one
constraint from each infeasible polyhedron ip, [ € L. In other
words, every feasible point must satisfy all CAP constraints
and at last one “flipped” constraint 3, _, w{P; > @', 1 € L
for each infeasible polyhedron ip. Thus, choosing exactly one
constraint from each infeasible polyhedron leads to a “combi-
nation” of linear constraints whose intersection with CAP can
potentially result in a polytope that covers part of the noncon-
vex region. For each combination ¢/ € C, model (T12) is
solved to check whether that combination’s linear constraints
[ € L¢ define a feasible polytope.

Model (T12, ¢'):

> P <@ WIe LY
kek

> opp =@ vieL
kek
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Figure 6. Motivating example: (a) Phase I, (b) Phase II,
(c) preprocessing in Phase lll, (d) first round
of merging in Phase lll, (e/f) second round of
merging in Phase lll, (g) Phase IV, (h) Phase V.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

Combinations for which model (T12) is infeasible are
deleted. Remaining combinations are merged into fewer fea-
sible polytopes, which are then expressed in V-representation
for use by model (NCP2).

Remarks
Motivating example revisited

The motivating example’s feasible region and CAP are
shown in Figures 1d,e, respectively. In Phase I, the CAP is
used to create initial infeasible triangles (Figure 6a). In Phase
II, many new infeasible triangles are created and expanded to
push against the boundary of the feasible region (Figure 6b).
In Phase III preprocessing, infeasible triangles that do not
overlap the CAP are removed, leaving only infeasible trian-
gles derived from CAP Facet 3 (Figure 6¢). In the first round
of merging infeasible triangles with external point (16,16) are
merged into Regions 1, 2, and 3 (note that these regions over-
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lap each other), while those with external point (18.479,
5.021) or (5.021, 18.479) are merged into Regions 6 and 7,
respectively (Figure 6d). A second round of merging com-
bines Regions 1-5 into three polytopes: 1/4, 2, 3/5 (Figures
6e,f). Phase IV identifies missing corner points for all three
polytopes as well as converts them into polyhedrons. These
polyhedrons are shown in Figure 6g as removing area from
the CAP. As model (NCP1) contains three sets of three con-
straints, there are 27 enumerated combinations, of which 12
are full-dimensional regions that can be merged into feasible
polytopes FP1-5 (Figure 6h) using the merging routine. The
remaining 15 combinations are feasible lines on the y-axis
(six combinations), feasible lines on the x-axis (six combina-
tions), or points at the origin (three combinations). These
combinations are manually merged into FP6 (vertical line in
Figure 6h) and FP7 (horizontal line in Figure 6h).
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Figure 7. Second example: (a) feasible region, (b)

Phase |, (c/d) Phase Il, (e) preprocessing in
Phase lll, (f) two rounds of merging in Phase
1, (g) Phase IV, (h) Phase V.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]
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Disjoint feasible region

A second example is presented to illustrate the ability of
the algorithm to handle disjoint feasible regions such as the
one in Figure 7a. The CAP of the region is a rectangle with
four facets. Phase I in Figure 7b assigns each CAP facet an
external point so that each forms an infeasible triangle.
Phase II in Figure 7c (CAP Facet 1 only) and Figure 7d
(CAP Facets 2-4) increases the number and coverage of
infeasible triangles. Note that some infeasible triangles
derived from CAP Facet 1 overlap some infeasible triangles
derived from CAP Facet 3 (see Figure 7e). Preprocessing
removes infeasible triangles that do not overlap the CAP.
Infeasible triangles that overlap each other will always be a
subset of infeasible triangles that overlap the CAP; in this
example, the two sets are the same. Two rounds of merging
by Phase III combine remaining infeasible triangles into Pol-
ytope 1 in Figure 7f. Phase IV removes all constraints from
Polytope 1 except 3 < x; and x; < 5 (see Figure 7g). Model
(NCP1) requires for feasibility that one of these constraints
be violated, i.e., x; < 3 or else 5 < x;. Phase V converts
this pair of constraints along with the CAP into two feasible
polytopes (rectangles in Figure 7h).

Higher dimensions

The proposed algorithm can be used to identify and
express nonconvex regions of higher dimensions. Although
the required computational effort increases in the number of
products, this is not a limitation of our method because the
NCP of a process network needs to be generated only once
and furthermore this can be carried out offline. In addition to
this, our algorithm is more useful in higher dimensions or
the presence of higher complexity because it uses scheduling
formulations, in models (T1), (T2), (T5), (T7), and (T8), for
a single planning period, whereas full-space methods contain
multiple scheduling ““copies,” one for each period.

Another advantage of this method is that the growth in the
number of binary variables necessary to represent NCP is
slower than the increase in the number of binary variables of
the corresponding scheduling formulations. To illustrate this
point, we present a third example which is modified from
Papageorgiou and Pantelides.*® We consider the production
over a horizon of 12 h, using discrete-time resource-task net-
work (RTN) formulation*’ (see Appendices B and C) and
the proposed method. The detailed scheduling model con-
tains 783 equations, 523 variables, and 130 binary variables.
The CAP, which is an LP model, contains five equations,
three variables (P4, Pg, Pc), whereas NCP1 is modeled as
the CAP with three infeasible polyhedrons, each with three
constraints, removed. It contains 17 constraints, 12 variables,
and 9 binary variables.

Classification of feasibility

In rare instances, merging of infeasible triangles in Phase
IIT may wrongly remove or create lower-dimensional feasible
regions. The root cause of this problem is that input infeasi-
ble triangles contain an infeasible interior, two infeasible
sides AX and BX, and an ambiguous side AB. Hence, before
merging some sides contain feasible points. During merging
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Figure 8. Merging may redistribute infeasible area such
that: (a) a feasible line is wrongly made infea-
sible, (b) an infeasible line is wrongly made
feasible.

(Phase III), everything is assumed to be infeasible and redis-
tributed. After merging (Phase IV), model (NCP1) treats all
interiors as infeasible and all sides as feasible. A possible
change to the algorithm would be to, right before merging,
remove from each infeasible triangle’s facet (segment AB) a
Jd¢-wide strip, such that all interiors and sides are infeasible
before, during, and after merging.

Currently, the merging routine may misclassify a feasible
line as infeasible if that line is surrounded on all sides by
different infeasible triangles’ ambiguously feasible segment
AB. In some cases, such as the one shown Figure 8a, prepro-
cessing before merging in Phase III is enough to sidestep this
problem. It is also a possible issue that the merging routing
may wrongly misclassify an infeasible line as feasible, if such
a line is the shared boundary between multiple polytopes
generated during merging. In some cases, such as the one
shown Figure 8b, this can be remedied through inflation of
neighboring constraints as described in Step 4 of Phase IV.

Implementation issues

A number of tolerances have been introduced to suppress
possible numerical issues. The first tolerance J, is actually a
termination criterion. The algorithm continues until either all
relevant facet sizes fall below J; or else an iteration limit is
hit. The second tolerance d, in model (T1) is used to enforce
a strict inequality. The third tolerance ¢z in model (T2)
ensures that point D is sufficiently far from segment AB. It
is also a threshold for accepting new point E after solving
model (T5). The fourth tolerance d, in model (T6) ensures
that only infeasible triangles that overlap the CAP are input
into merging. The fifth tolerance Js in model (T7) removes
merging outputs that do not overlap the CAP enough. It is
also used in models (T8) and (T9) to determine whether con-
straints should be kept. The sixth tolerance J¢ is meant to
convert specific inequalities, as identified by model (T10),
into strict inequalities. The most important parameters in
terms of solution quality appear to be ¢, and iteration limit
because they control Phase II where new information is
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gathered by our algorithm. The other important parameter is
Js; increasing this parameter decreases the number of infea-
sible polytopes passed to model (NCP1), in turn strongly
decreasing the number of combinations enumerated in Phase
V for model (NCP2).

Rolling Horizon Approach

In rolling horizon strategies for production planning, early
periods of the planning horizon are successively fixed to fea-
sible solutions. We propose an approach where the produc-
tion planning problem in Egs. 1-5 is solved with Eq. 2 in all
time periods replaced by NCP1 or NCP2. This establishes
production Py, inventory I;,, and unmet demand U, for all
time periods. Production amounts for the first period are la-
beled as production target P;, and model (T13) is solved to
find a feasible schedule P, for + = 1. Scalar weight y empha-
sizes that overproduction is preferable to underproduction
based on the premise that excess inventory is preferable to
unplanned failure to meet demand.

Model (T13):

min dev =
PP} P,

> (PE+Py)

k

P =P, + P —P;
PP, >0 VkeKk
P e FM

Vk € K

Ideally, we obtain dev < J; meaning that model (T13)
has found a feasible schedule P, that is the same as or very
similar to production target P;. If so, the rolling horizon
scheme skips to the next period. If optimal dev > ¢, then
model (T13) has instead returned a feasible solution P, that
is not similar enough to P;. Production amount in the first
time period is replaced with P, and fixed. The production
planning problem is then re-solved to update production
amounts for r € {2, 4, ...T}.

Next, Pj is reset as the second time period’s production
target, and model (T13) is solved to find a feasible schedule
P, for t = 2. This continues for ¢ € {3, 4,..., T} until Py, is
fixed to feasible schedules for every period. Optionally,
Sung and Maravelias® proposed saving feasible solutions
found during CAP (and NCP) investigation as well as during
rolling horizon. Model (T13) may start off by checking
against these saved solutions.

Integrated Production Planning and Scheduling

Two products, A and B, are to be produced and delivered
over 40 one-day time periods. Each one-day time period

TFD TP1 TPZ TP3 TP4

consists of 20 available hours plus 4 downtime hours during
which unit setups and inventory of intermediates are reset to
their original state. Demand for each product at the end of
each time period is presented in Appendix D. Inventory is
penalized at Ay $20/kg-time period. Unmet demand is
penalized at u;, = $400/kg-time period. Raw materials RMI1,
RM2, and RM3 are converted into Products A and B via
tasks H, R1, R2, R3, and S which occur on units Ul, U2,
U3, and U4. Relationships between tasks, states, and units
are shown below (modified from Kondili et al.’ see Appen-
dix E):

(1) Tasks:

e Task H: Process RM1 for 1 h to form HOT.

e Task R1: Mix 50% RM2 and 50% RM3 for 2 h to form
INTL.

® Task R2: Mix 40% HOT and 60% INT]1 for 2 h to form
40% Product A and 60% INT2.

e Task R3: Mix 20% RM3 and 80% INT2 for 1 h to form
IMP.

e Task S: Process IMP for 2 h to form 90% Product B
and 10% INT?2.

(2) Units:

e Unit Ul: Capacity 50 kg, suitable for Task H.

e Unit U2: Capacity 40 kg, suitable for Tasks R1, R2,
and R3. However, 1 h setup is needed for each.

e Unit U3: Capacity 25 kg, suitable for Tasks R1, R2,
and R3. However, 1 h setup is needed for each.

e Unit U4: Capacity 100 kg, suitable for Task S.

The detailed scheduling formulation that we use here is
the discrete-time RTN formulation.*’ However, our
approach can be used with other scheduling formulations
(even non-MILP formulations) instead. Each scheduling
time period p € {1, 2,..., 20} is 1-h long. Figure 9 shows a
detailed schedule as would be obtained by model (RTN) in
Appendix B.

Implementation

The CAP of scheduling model (RTN) can be expressed in
the form a)AlPA + wglPB < @' as shown in Table F1 in Ap-
pendix F. This can be found by applying the surrogate gen-
eration algorithm of Sung and Maravelias® to model (RTN).
The first nonconvex projection, as formulated using model
(NCP1), expresses solutions as feasible if they are within the
CAP but not within eight infeasible polyhedra. The con-
straints defining these polyhedra are listed in Table F2. The
representation using model (NCP2) uses the union of nine
feasible polytopes. The coordinates P; for the vertices of
these polytopes are shown in Table F3. For comparison pur-
poses, we will also be using the linear relaxation (LR) of

TPS TPE TPT TPE TP% TPID TP11 TP12 TP13 TP14 TP15 TP18 TP17 TP1&8 TP19 TP20

[TP1]TPZ [ TP3[ TP4 [ TP5 [ TPG | TP7 | TPE] TF8 [TFI0[ TP TPIZ[ TP 13 TP14[ TP1S] TF1G[ TP17] TP 1B TP 18] TP20

Umit L1 H 16 |H1E |H1E H 16 H 16 H 10 H 20

Uit LI2 SR1 R140 BERZ R2 40 | Rz 40 | F2Z 40 Rz 40 2 40 ER3|R3 40R3 40 SR2 R2 40

Uit L3 1 R125 R125 | R12Z5 | R1 25 K125 R3 ZﬂRl 25R3 24 R2 25 K299

Unit U4 I 550 565 540
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Figure 9. A detailed schedule that produces 109.5 kg Product A and 139.5 kg Product B.
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Figure 10. Feasible regions for one time period accord-
ing to linear relaxation LR, CAP, and NCP.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

model (RTN). The area covered by LR may be identified
and expressed by again using the convex surrogate genera-
tion algorithm of Sung and Maravelias* (Table F4).

Figure 10 compares the different feasible regions defined
by linear relaxation LR, CAP, and NCP (models (NCP1) and
(NCP2) are based on the same region). The feasible region
of LR is the largest meaning that, compared to CAP and
NCP, it provides the most optimistic assessment of what
(P4, Pp) combinations are feasible. The area covered by
NCP is slightly smaller than CAP due to its ability to iden-
tify and formulate nonconvex small indentations in the CAP.
Although this may appear graphically insignificant, it will be
demonstrated later that this significantly improves the quality
of bounds and feasible solutions found.

In the production planning problem, we will be using
Tables FI-F3 to replace Eq. 2. Also, we will be directly
using the linear relaxation of model (RTN), ignoring
Table F4, because the LP relaxation already results in a
linear program.

Solution

The production planning problem in Eqs. 1-5 was solved
with Eq. 2 replaced by model (NCP2). The new problem
was solved in 1.10 CPU s with objective value $112,860. As
model (NCP2) is an over-approximation, this objective value
may be used as a bound on the optimal objective value

200
150 4
NCP
100
o
50 ] o
0 r -
0 50 100 150

Figure 11. Predicted production amounts (i.e., produc-
tion targets) using model (NCP2).

Forty production targets are shown (there is some over-
lap), one production target per time period. [Color figure
can be viewed in the online issue, which is available at
www.interscience.wiley.com.]
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(lower bound since total cost is being minimized). Figure
11 shows production amounts predicted using model
(NCP2). Note that most though not all production amounts
are predicted to be on the boundary of the (NCP2) feasible
region.

Using the described rolling horizon scheme, model (T13)
was solved to optimality 40 times in 2,411 CPU s. For 36 of
40 time periods, an exact match (dev < J) was found. For
the remaining four time periods, inexact matches were found
with average dev of 0.262. Total time to re-solve the produc-
tion planning problem was 1.87 CPU s. Completion of the
rolling horizon scheme yielded a feasible solution of
$113,155.

The final production planning solution is shown in Fig-
ures 12a and 13a. Demand fulfillment is shown in Figures
12b and 13b. Production of A operates near full capacity in
every period due to demand spikes. Production and inven-
tory of B are able to fulfill all demand, though very small
amounts are unmet in several periods. Overall, 143.697 kg
A and 0.360 kg B are unmet at $57,623. Also, 2,372.8
kg-time period of A and 403.8 kg-time period of B are held
in inventory at $55,533 (units of kg-time period are
reported here since some amount is held over multiple time
periods).

Model (NCP2) in combination with the rolling horizon
scheme was able to bound the optimal objective value of the
combined production planning and RTN problem between
$112,860 and $113,155, leaving a gap of only $295 (0.26%).
Just as important, production amounts for every time period
are backed by RTN-formulated schedules. For example,
109.9 kg of Product A and 139.5 kg of Product B were cho-
sen to be produced in time periods ¢ € {3,5,10,15,25,30-34}.
A detailed schedule for producing this combination of pro-
duction amounts was shown in Figure 9.
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Figure 12. Production of A (top) and demand for A
(bottom) in NCP2 solution.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]
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Figure 13. Production of B (top) and demand for B
(bottom) in NCP2 solution.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

Discussion

We solved the same instance using four other methods:
(a) rolling horizon using linear relaxation (LR) of detailed
scheduling model (RTN), (b) rolling horizon using the con-
vex approximation CAP, (c) rolling horizon using (NCP1),
and (d) full space (solved only once) using model (RTN).
Solving the production planning problem using (a), (b), and
(c) yielded minimum total cost: $28,511 by linear relaxation
(4.53 CPU s), $109,409 by CAP (0.062 CPU s), and
$112,874 by NCP1 (2.86 CPU s). Figure 14 shows predicted
production amounts. As in Figure 11, many production tar-
gets were set near the boundary of each surrogate model’s
feasible region. Note that models (NCP1) and (NCP2) pre-
dicted nearly identical production targets since both are
based on the same feasible region.

The rolling horizon scheme was used to find the following
feasible solutions: $182,841 by linear relaxation, $115,181
by CAP, and $113,325 by NCP2. The objective function
“degraded” during the rolling horizon scheme whenever
model (T13) was unable to exactly match a time period’s
production target P; with a feasible schedule P;. Models
(NCP1) and (NCP2) were able to find exact matches in 78%
and 90% of time periods, respectively, so degradation was
minimal. The two models produced slightly different targets
(Figure 14c vs. Figure 11) that led to slightly different feasi-
ble solutions; this may have been due to numerical rounding
when converting from one representation to the other and
the existence of production planning solutions with the same
objective function value but different production targets that
are likely to lead to discrepancies when the targets cannot be
met exactly. The targets predicted using CAP were matched
exactly in 43% of time periods due to it choosing many pro-
duction amounts within indentations of the NCP feasible
region (see Figure 14b). However, feasible production
amounts were always located nearby so degradation was lim-
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Figure 14. Predicted production amounts, before roll-
ing horizon scheme: using linear relaxation
(top), CAP (middle), and NCP1 (bottom).

Forty production targets are shown for each. For reference,
the NCP feasible region is shown in (a) and (b) as well.

ited though apparent. Targets based on LR were matched in
only 25% of time periods. Furthermore, LR production tar-
gets were revised by model (T13) significantly downwards
in 63% of time periods leading to insufficient buildup of in-
ventory, unplanned failure to meet demand, and sizeable
degradation of the objective function.

For reference, the combined production planning and
scheduling model was solved for 10,000 CPU s as a single
model (“full space”) using CPLEX 10.0. A bound of
$28,511 (in this case the same as the bound found using lin-
ear relaxation) was found after 9.17 CPU s. This was eventu-
ally improved up to $30,799. A feasible solution with objec-
tive value $234,808 was found at around 900 CPU s; it

Table 1. Comparison of Bounds and Feasible Solutions

Total Feasible
Time Bound  Solution Gap

Full space RTN 881.89 30,722 234,808 204,086
10,000.00 30,799 182,899 152,101
Rolling horizon LR 450.34 28,511 182,841 154,330
CAP  2,170.47 109,409 115,181 5,771
NCP1  2,41525 112,874 113,325 451
NCP2 241437 112,860 113,155 295
Published on behalf of the AIChE DOI 10.1002/aic 2625



Table 2. Model Sizes

Production Planning + Constraints Variables Binary Variables
- 81 241 0
RTN 65,681 49,801 16,800
LR 65,681 49,801 0
CAP 641 241 0
NCP1 1,681 961 720
NCP2 521 2,161 360

remained unimproved until near the last 1000 CPU s when
CPLEX “polishing” identified several better solutions, the
best having objective value $182,899, which is more than
60% suboptimal. This small example illustrates clearly that
full-space methods, although theoretically more accurate,
cannot be used to address production planning models: they
not only provide solutions of low quality, but also provide
very poor bounds.

Table 1 shows the bound and feasible solution found by
each method. For the rolling horizon scheme, regardless of
which surrogate model was used, almost all time went to
solving model (T13) 40 times. Re-solving the production
planning problem took negligible time, which illustrates the
effectiveness of formulations NCP1 and NCP2 as surrogate
models. They lead to very accurate production planning for-
mulations while being extremely accurate. Model sizes are
shown in Table 2.

All models were implemented in GAMS 22.1 and solved
using CPLEX 10.0 with default options on a Pentium 4 at
2.8 GHz running Windows XP. The following computation
times are offline: CAP was generated (Phase I) in 90 CPU s.
We wanted to emphasize the potential accuracy of this
method, so NCP1 was generated (Phase II-IV) in 24,000
CPU s, almost all spent in Phase II. NCP2 was generated
(Phase V) in an additional 65 CPU s. For comparison
(shown here only), we also followed through the algorithm
using fewer Phase II iterations: NCP1 was generated in 5000
CPU s and NCP2 was generated in an additional 15 CPU s.
This resulted in a bound and feasible solution of $112,709
and $114,898, respectively, which is consistent with the
more accurate values of $112,860 and $113,155.

Conclusions

A framework was presented for the solution of hard produc-
tion planning and scheduling problems. An accurate yet com-
pact surrogate model was developed for the representation of
the projection of the scheduling feasible region onto the space
of production amounts. The framework can represent noncon-
vex regions, thus allowing to be addressed all classes of pro-
cess networks, including those with large changeovers. We
proposed two MIP formulations: (a) one that conveys differ-
ence, a feasible polytope with infeasible polyhedrons
removed, and (b) one posed as the union of feasible polytopes.
An algorithm was also presented for the investigation and the
generation of polytopes and polyhedrons for these two formu-
lations. The proposed method was able to provide tighter
bounds than previously proposed methods. Just as important,
it yields more accurate predictions that can be combined with
schemes such as rolling horizon to identify feasible solutions
of extremely high quality in reasonable computational time.
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For the presented integrated example, the production planning
formulations based on models (NCP1) and (NCP2) led to
gaps of 0.4% and 0.3%, respectively. Finally, it is important
to note that the proposed framework may be applied to any
model or application in which there is a hierarchical relation-
ship—not just production planning and scheduling. The abil-
ity to generate, on demand, accurate yet compact surrogate
models allows a generic higher-level model to respect—with
minimal increase in model size—additional information as
could be offered by a lower-level model.
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Notation
Production Planning
Indices/sets

k = products k € K
t = production planning time periods ¢

Parameters

d;., = demand for k due at the end of period ¢
h;. = holding cost for product k for one period
u; = penalty for not meeting demand for product &

Variables

Cp, = production cost in period ¢

CT = total cost (objective function)
f(P,) = generic function for production amount feasibility
g(Py,) = generic function for production cost

I;., = inventory of product k at the end of period ¢

Py, = production amount of product & in period ¢
Uy, = amount of unmet demand for product £ in period ¢

Algorithm
Indices/sets

¢, ¢ = combination of constraints: one constraint from each
polyhedron ip
fp = feasible polytopes, fp € FP
ip, ip’ = infeasible polytopes/polyhedrons, ip e IP
I, I' = constraints (0/P; + w,'P» +... < ®), [ €L
v = vertices, v eV

Subsets

L° = constraints for combination ¢
LCA_P = constraints for polytope CAP
L/_” = constraints for polytope fp
L"” = constraints for polyhedron ip
VP = set of vertices for feasible polytope fp

Parameters

M' = big-M relaxation for constraint /
n = dimensions, K]
P} = product k coordinate for vertex v
P; = target production amount
y = increased penalty for producing below, rather than above,
production target, 5
0, = minimum facet size, 1
0, = tolerance for checking whether a facet is infeasible, 0.1

03 = tolerance for accepting a boundary feature, 0.005

04 = tolerance for accepting infeasible triangle overlap with CAP,
0.005

05 = tolerance for accepting infeasible polytope overlap with CAP,
0.005 or 0.2
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0¢ = positive number used to enforce strict inequalities, 0.001
0, = tolerance for accepting P; as exactly matching P;*, 0.001
@' = right hand side of constraint /

o' = coefficient vector of constraint

Variables

Li
1

10.

11.

12.

13.

14.

15.

16.

17.

18.

AIChE Journal

dev = weighted mismatch from P; (objective function)
obj = generic objective function
P} = amount above P}
P, = amount below P}
Zﬁ” = binary = 1 if feasible polytope fp is satisfied
7' = binary = 1 if constraint / is not satisfied
2 = weight on vertex v, between 0 and 1. Specific vertices have
specially labeled weights: JAJBJC P E X
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Appendix A: From Points to Facet-Defining
Inequalities

Each side of an n-polytope is an n—1 dimensional ““facet”
defined by exactly n points. The linear inequality associated
with a facet can be calculated by recognizing that @’P = ®
for each of its n points. This is shown below for k € {1,2}
with the facet’s n = IKI = 2 points labeled A and B with P*
= (P{, P}) and P® = (P}, P%).

Py

Plg} Dol 1]

PA
o' = [0 wz]o{ b
P

This can be solved as ®'M = [1 1]-adj(M) = [P5—P3,
—PB4+P}] and ® = det(M) = P{P5—P2P}. The signs of w
and ® are then assigned based on some reference point
known to be inside (@'P < ®) or outside (@'P > ®) the
polytope (see Quickhull Algorithm”).

Appendix B: Scheduling (RTN) Formulation

A single production planning time period ¢ is divided into
equal-length scheduling time periods p € {1, 2,..., TP}. RTN
formulation requires tasks i € [ for the conversion of resour-
ces r € R, and a network for connecting tasks and resources.
Equation B1 links production amounts P, , of final product k
€ K C R with the final inventory of the corresponding
resource. Binary variable N;, is active (=1) if task k starts
at time point p. Task size ¢; ), is linked to N;, by Eq. B2.
Tasks may only start and end at time points, so resource lev-
els are only updated and bounded at discrete time points,
Eqgs. B3 and B4, respectively.

P, = Rky'rp Vk e K (B1)

VMmN, < Cip SVI™Niy Vip (B2)

Rr,p = Rr,pfl + Z Z (Mi,;‘,()Ni,pfﬁ + Di,r,(iéi,p—(?) vrap
i 0=0
(B3)
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0<R,, < Rf’ax Vr,p (B4)
¢ip >0 Vip, Nip,€{0,1} >0 Vip (BS)
Indices
[ = tasks
p = scheduling time periods p € {1, 2, ..., TP}
0 = processing time index 0 € {0, 1, ..., max; 7;}

r = resources: raw materials, intermediates, final products,
utilities, processing units
Parameters
R,.0 = initial amount of resource r
R™ = maximum amount of resource r
Vmin — minimum batch size for task i

1
VX — maximum batch size for task i

p;,,. = if negative (positive), amount/proportion of input

(output) for task i from resource r

w0 = if negative (positive), amount of input (output)

based on N,

v;0 = if negative (positive), proportion of input (output)

based on ¢&; ,

7; = processing time of task i, in units of period Ap
Variables

N;, = binary = 1 if task / starting in period p

R, , = amount of resource r at the end of period p

¢i» = batch size for task i starting in period p

Appendix C: Scheduling (RTN) Data for
Third Example

This process network of this example, a variation of Papa-
georgiou and Pantelides,” is shown in Figure CIl. The
scheduling horizon is 12 h, divided in 1 h periods.

o) ) ) () (&) (e

T8.T10 |

‘JN'!- B
Waste

Figure C1. Process network for Third Example.

17,19

Table C1. Scheduling Parameters for Third Example:
Discrete Change due to Task Binary N,

7 Ul U2 u3 U4 us ué

RO 1 1 1 1 1 1

R 1 1 1 1 1 1
Hiro (<0),  T1
Hirzi (>0) T2

2
1
T3 1 —1,1
T4 2 —1,1
5 2 -1,
T6 2 -1,
T7 4 -1,1
T8 2 -1, 1
T9 2 -1,1
3

Initial and maximum inventory are also shown in the table.
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Table C2. Scheduling Parameters for Third Example: Proportional Change due to Task Size &;,

5 VMyyme o Fl F2 SI S2 INTI S3 0 0S4 S5 INT2 S6 A B WS C

ke RO © oo 0 0 0 0 50 0 0 0 0 0 0 0

Rmax s oo oo 100 100 100 100 100 100 100 oo oo oo oo
Viro (<O), vipw (>0)  T1 1 50/0 ~1 1

™ 2 80/0 -1 1

T3 60/0 -1 1

T4 50/0 -1 1

5 2 80/0 ~1 1

T6 2 80/0 —1 0.98 0.02

7 2 30/0 ~0.95 —005 1

T 1 40/0 01 -1 09

T 1 30/0 —05 —05 1

TIO 2 40/0 —1 1

Initial and maximum inventory, minimum and maximum task size are also shown in the table.

Appendix D: Production Planning Data

Table D1. Production Planning Demand d;, for

Products A and B

t k=A k=B t k=A k=B
1 130.130 112.859 21 96.195 55.954
2 63.496 129.085 22 66.708 109.096
3 82.048 141.326 23 93.338 82.943
4 200.798 117.877 24 120.655 60.372
5 55.726 152.748 25 130.931 174.097
6 99.292 63.856 26 98.249 130.995
7 165.067 120.604 27 80.093 102.601
8 139.117 99.651 28 95.987 99.959
9 110.274 91.699 29 56.433 45.957
10 202.107 157.270 30 160.331 87.741
11 89.790 70.507 31 188.294 144.705
12 70.490 156.116 32 146.233 200.096
13 89.852 206.443 33 156.481 97.525
14 129.452 72.450 34 112.655 193.912
15 144.578 132.384 35 118.509 75.263
16 46.638 159.066 36 128.213 120.492
17 79.383 144.145 37 82.466 83.324
18 88.693 57.828 38 99.265 130.941
19 107.246 148.151 39 167.540 85.306
20 87.241 92.157 40 67.539 90.798

Appendix E: Scheduling (RTN) Data

for Integrated Example

The production recipes described earlier, based on Kondili
et al.,’ may be modeled as the process network shown in
Figure El1. The scheduling horizon is 20 h, divided in 1 h

periods.

([u2]) ([us]]

R1,R2,R3

Figure E1. Process network for Integrated Example.
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Note that Figure E1 only shows four units (U1, U2, U3,
U4) and five tasks (H, R1, R2, R3, S). To model setup, unit
U2 is split into four “units”: U2_0, U2_R1, U2_R2, and
U2_R3. When switching from one task to another, an imme-
diate setup returns the unit to U2_0 (task U2_U_RI,
U2_U_R2, or U2_UR3) followed by a 1-h setup to one of
the three other “units” (task U2_S_R1, U2_S_R2, or
U2_S_R3). Similarly, unit U3 is split into four “units”:
U3_0, U3_R1, U3_R2, and U3_R3. Process data is shown in
Tables E1 and E2.

Table E1. Scheduling Parameters for Integrated Example:
Discrete Change due to Task Binary N; ),

t; Ul U2.0 U2_RI U2_R2 U2_R3 U4

RO 1 1 0 0 0 1
Ry 1 1 1 1 1 1
Hiro (<0), H
Wiy (>0) U2_S RI
U2_P_RI1
U2_U_RI1
U2_S_R2
U2_P_R2
U2_U_R2
U2_S_R3
U2_P_R3
U2_U_R3
N

-1, 1
1 —1

NO——OMN—0ON——
|
—
—

-1,1

Unit U3 (U3_0, U3_R1, U3_R2, U3_R3) is not shown because it is similar
to unit U2. Initial and maximum inventory are also shown in the table.

Table E2. Scheduling Parameters for Integrated Example:
Proportional Change due to Task Size &;,

vy
7, V™ RMI RM2 RM3 HOT INTI INT2 IMP A B

kg R? 00 00 0 0 0 0 0 0 0
R co oo oo 100 80 80 100 oo oo
Viro (<0), H 1 500 -1 1
Vira (50) U2_P_RI 2 40/0 05 —05 1
U3_P_RI 2 25/0 —-0.5 —0.5 1
U2_P_R2 2 40/0 —-04 —-0.6 06 0.4
U3_P_R2 2 25/0 —-04 —-0.6 0.6 0.4
U2_P_R3 1 40/0 —0.2 08 1
U3_P_R3 1 25/0 -0.2 -08 1
S 2 100/0 0.1 -1 0.9

Initial and maximum inventory, minimum and maximum task size are shown
in the table.
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Appendix F: Scheduling Feasible Regions: Table F3. (Continued)
LR, CAP, NC1, and NCP2

/4 v P Py
Table F1. Convex Approximation of Projection (CAP, as 4 13 96.000 167.625
expressed by I € LCAP), from Phase I {451 98888 8888
/ (’)A’ P UB/ g 16 0.000 0.549
17 66.410 127.749
1 -1 0 0 18 96.000 167.625
2 —0.8865 0.4628 0.254 19 92.222 169.135
3 —0.8784 0.4779 2.755 20 96.000 167.626
4 —0.8370 0.5473 16.065 5 21 112.000 0.000
5 —0.8317 0.5553 17.648 22 93.335 0.000
6 0 1 171.563 23 93.334 131.449
7 0.8280 0.5608 173.483 24 112.000 112.500
8 0.8765 0.4814 164.839 6 25 93.334 148.500
9 0.8873 0.4612 162.544 26 93.335 0.000
10 0.9138 0.4061 157.176 27 106.000 0.000
11 0.9956 0.0939 122.608 28 106.000 148.500
12 0.9991 0.0430 118.428 7 29 76.666 146.601
13 0.9999 0.0148 116.787 30 114.667 0.000
14 1 0 116.000 31 67.561 129.955
15 0 -1 0 32 0.000 0.549
33 0.000 0.000
34 76.374 146.154
Table F2. Infeasible Polyhedrons ip € IP (as expressed by ;2 }}jgg; 5(9)(9)81
. ip . .
constraints [/ € L'?) for Model (NCP1), After Phase IV 37 80.040 147.602
8 38 93.335 0.000
ip ! oA o' @ M 39 0.000 0.000
1 1 —0.998 —0.069 —119.388 1.230 40 0.000 0.549
2 —1.000 0.000 —119.672 1.330 41 59.299 114.130
2 3 —0.857 —0.515 —110.000 6.000 42 93.333 171.563
4 —0.997 —0.074 —139.500 32.063 9 43 72.754 139.500
5 —1.000 0.000 —100.000 16.000 44 67.561 129.955
3 6 —-0.712 —0.702 —118.739 19.190 45 0.000 0.549
7 —1.000 0.000 —114.667 1.333 46 0.000 0.000
4 8 0.000 —1.000 —112.000 4.000 47 110.000 0.000
9 —1.000 0.000 —153.000 18.563 48 110.000 139.500
5 10 0.000 —1.000 —106.000 10.000
11 —1.000 0.000 —191.281 2.666
6 12 0.000 —1.000 —11.255 1.285 Table F4. Convex Approximation of RTN Linear
13 —1.000 0.000 —144.646 23.995 Relaxation’s Projection (LR)
7 14 —0.371 —0.929 —158.738 28.149
15 —1.000 0.000 —96.000 20.000 i wIA wé @
8 16 0.284 —0.959 —148.500 23.063
17 0.848 —0.529 —93.335 22.665 1 -1 0 0
18 0.860 —0.510 —7.169 1.637 2 —0.8865 0.4627 0.273
3 —0.8755 0.4832 3918
4 —0.8173 0.5763 24.097
5 —0.7335 0.6797 50.088
Table F3. Feasible Polytopes fp € FP (as expressed by 6 —0.4567 0.8896 114.288
vertices v € V/?) for Model (NCP2), After Phase V 7 0 1.0000 178.642
8 0.4668 0.8844 204.539
Ip v Py Py 9 0.6539 0.7565 201.672
1 ! 116,000 0.000 i 05070 05905 191457
2 114.667 0.000 ’ ’ ’
: 12 0.9686 0.2487 156.202
3 114.667 72.218 13 0.9845 0.1754 147.673
4 116.000 52.994 14 0.9934 0.1150 140.330
2 > 114.667 0.000 15 0.9966 0.0821 136.858
6 112.000 0.000 16 0.9991 0.0413 132.883
7 112.000 107.998 17 1' 0 130403
8 114.667 71.993 18 0 1 0
3 9 100.000 0.000
10 93.335 0.000
11 93.334 153.000
12 100.000 153.000
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